We develop a circuit theory that enables us to analyze quantum measurements on a two-level system and on a continuous-variable system on an equal footing. As a measurement scheme applicable to both systems, we discuss a swapping state measurement that exchanges quantum states between the system and the measuring apparatus before the apparatus meter is read out. This swapping state measurement has an advantage in gravitational-wave detection over contractive state measurement in that the postmeasurement state of the system can be set to a prescribed one, regardless of the outcome of the measurement.
I. INTRODUCTION
Von Neumann has established a general framework for quantum measurement by postulating that any indirect measurement can be decomposed into two distinct parts ͓1͔. The first part involves unitary transformation that transfers the information of our interest from the measured system to the measuring apparatus. The second part involves nonunitary transformation that achieves the realization of a particular outcome of the measurement by the projection postulate. The adjective "indirect" implies that the projection postulate is applied not to the measured system but to the measuring apparatus. As an illustrative example, von Neumann constructed a model for the position measurement of a massive particle, which is referred to as von Neumann measurement ͑VNM͒.
VNM satisfies Heisenberg's noise-disturbance uncertainty relation ͓2,3͔ and sets the standard quantum limit ͑SQL͒ ͓4,5͔ on the accuracy of repeated position measurements. This noise-disturbance uncertainty relation refers to a tradeoff relation between the noise added to a system's observable and the disturbance generated in the conjugate observable due to the backaction of the measurement. The measurement noise of observable Â is defined by the difference between the probability distribution of obtaining a measurement outcome and the corresponding probability distribution calculated from the premeasurement state of the system according to Born's probability axiom ͓3͔. If there is no difference for an arbitrary input state of the system, then the measurement of observable Â is said to be noiseless. In 1983, Yuen suggested the possibility of a contractive state measurement ͑CSM͒ in which Heisenberg's noise-disturbance uncertainty relation is violated and the SQL is surpassed ͓6͔. Ozawa subsequently presented a concrete model that vindicates Yuen's conjecture ͓7,8͔.
In the present paper, we discuss a swapping state measurement ͑SSM͒ in which quantum states are exchanged between the measured system and the measuring apparatus before the projection postulate is applied to the apparatus ͓9͔. While VNM, CSM, and SSM are all noiseless, SSM is unique in that it is noiseless for an arbitrary observable in addition to an arbitrary input state of the system. As discussed in Sec. V C, SSM has the advantage over CSM in gravitational-wave detection with respect to experimental implementation of the measuring apparatus. SSM is shown to be described with three SUM gates, where the SUM gate is the continuous-variable counterpart of the controlled-NOT ͑CNOT͒ gate ͓10-12͔. In contrast, VNM and CSM can be described, respectively, with one and two SUM gates ͓13͔. We discuss the two-level counterparts of these three models and develop a quantum circuit theory to establish complete parallelism between continuous-variable systems and twolevel systems.
This paper is organized as follows. In Sec. II, we discuss noiseless measurements on a two-level system, and describe the two-level counterparts of VNM, CSM, and SSM in terms of CNOT gates. In Sec. III, we discuss three noiseless measurements on a continuous-variable system in terms of SUM gates. In Sec. IV, we construct a concrete Hamiltonian for each model and express the corresponding unitary transformation in terms of single-qubit rotations and the SWAP operator. We also decompose unitary transformation in a continuous-variable system into a phase-shift operator, squeezing operator, and beam-splitter operator to enable experimental implementation of the models. In Sec. V, we discuss basic properties of the three noiseless measurements and compare SSM and CSM for use in gravitational-wave detection. In Sec. VI, we summarize the main results of this paper.
Throughout this paper, we refer to a measured system and a measuring apparatus simply as system and probe, respectively. We shall, as with VNM ͓1͔ and CSM ͓7,8͔, ignore the free parts of the Hamiltonian and focus only on the interaction between the system and the probe. = ± 1. We assume that both system state ͉͘ s and probe state ͉͘ p are normalized to unity.
A. CNOT measurement
Let us first consider a CNOT measurement. A unitary operation of CNOT measurement is performed by the CNOT circuit ͓14,15͔ illustrated in Fig. 1 . If the input state of the system is ͉ + ͘ s , the output state of the probe is the same as its input state ͉͑ ± ͘ p → ͉ ± ͘ p ͒. If it is ͉−͘ s , the parity of the output state of the probe is reversed
Output state ͉⌿͘ s+p CNOT of the CNOT circuit for input states ͑1͒ and ͑2͒ is given by
Suppose that we perform a projection measurement of z on the output state of the probe. Then the probabilities of obtaining outcomes s p z = ± 1 are given by
When c = 1 and d = 0, Eq. ͑4͒ reduces to
These probabilities coincide with ͦ s ͗±͉͘ s ͦ 2 , which can be expected from Born's probability axiom. The CNOT measurement is therefore a noiseless measurement of system's z if the probe state is properly chosen, i.e., if c = 1 and d = 0. The postmeasurement states of the system ͉Ј͘ s for outcomes s p z = ± 1 are then given by
We note that the postmeasurement states of the CNOT measurement depend only on the outcome of the measurement. The indirect measurement can be operationally described by a set of measurement operators ͕M m ͖ that directly act on the measured system ͓16,17͔ and satisfy completeness rela-
Let the premeasurement state of the system be ͉͘. The probability of outcome m being found is then given by
and the corresponding postmeasurement state ͉Ј͘ m of the system is given by
͑8͒
It follows from Eqs. ͑5͒-͑8͒ that the CNOT measurement with c = 1 and d = 0 can be characterized with measurement operators
Let us next consider a double CNOT ͑DCNOT͒ measurement. A unitary operation of the DCNOT measurement is represented by the DCNOT circuit illustrated in Fig. 2 .
The output state ͉⌿͘ s+p DCNOT of the DCNOT circuit for input states ͑1͒ and ͑2͒ is given by
These probabilities are independent of the state of the probe, unlike the case of the CNOT measurement in Eq. ͑4͒. The corresponding postmeasurement states of the system are given by
The postmeasurement state now depends not only on the outcome of the measurement but also on the state of the probe. It follows from Eqs. ͑7͒, ͑8͒, ͑11͒, and ͑12͒ that the DCNOT measurement is characterized with measurement operators Let us now consider the swapping state measurement ͑SSM͒. Swap operator Û SWAP exchanges quantum states between the system and the probe and is defined by ͓14͔
A unitary circuit of SSM can be expressed in terms of three CNOT gates as illustrated in Fig. 3 . Output state ͉⌿͘ s+p SWAP of the SWAP circuit for input states ͑1͒ and ͑2͒ is given by
We note that this is not an entangled state but a product state. Suppose that we perform the projection measurement of z on the output probe state. Then the probabilities of obtaining outcomes s p z = ± 1 are given by
which are independent of the state of the probe as in the case of the DCNOT measurement in Eq. ͑11͒. The postmeasurement state of the system ͉Ј͘ s is given for both s p z = 1 and −1 by
indicating that the postmeasurement state of the system is independent of the measurement outcome and is identical to the state of the probe. We may use this property to designate the postmeasurement state of the system by preparing the initial probe state. It follows from Eqs. ͑7͒, ͑8͒, ͑15͒, and ͑18͒ that SSM can be characterized by measurement operators
While we consider here the Pauli z measurement, the present noiseless measurement scheme can be applied to an arbitrary observable by using a similar SWAP circuit because the SWAP circuit exchanges quantum states between the system and the probe.
III. QUANTUM MEASUREMENT IN A CONTINUOUS-VARIABLE SYSTEM
We consider a situation in which both the system and the probe are one-dimensional, having canonically conjugate observables x , p x ͓͑x , p x ͔ = i͒ and ŷ , p y ͓͑ŷ , p y ͔ = i͒, respectively. Let the initial wave functions of the system and the probe be given by ͗x ͉ ͘ = ͑x͒ and ͗y ͉ ͘ = ͑y͒, respectively, which we assume to be normalized to unity.
A. General unitary transformation
Let us consider unitary transformation Û such that
where a, b, c, and d are real numbers. The unitarity condition of U implies that
͑21͒
which is satisfied if and only if the following condition is met:
where the minus sign implies that an odd-parity inversion is involved in the unitary transformation ͓see Eqs. ͑25͒ and ͑28͒ below͔.
We define von Neumann unitary operators V xp y and V yp x as
where ␣ is a real number. For ␣ = 1, we refer to the von Neumann operator as a SUM gate, which is known as a continuous-variable analog of a CNOT gate ͓10-12͔. We also define the parity inversion operator ⌸ y of the probe as
We now show that unitary operator Û can be decomposed into a product of V xp y , V yp x , and ⌸ y . In fact, for p = 0 or 1, we have
The last term is cast into the form of ͑ax + by͒͑cx + dy͒ if the conditions
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are met. It follows from Eq. ͑27͒ that parameters a, b, c, and
and that unitary operator U͑a , b , c , d͒ can be decomposed into
We thus find that unitary operator Û can be decomposed into three basic quantum gates V yp x , V xp y , and ⌸ y as illustrated in Fig. 4 .
B. Von Neumann position measurement
The Von Neumann measurement ͑VNM͒ is a prototypical indirect measurement on a continuous-variable system ͓1͔. Unitary transformation Û corresponding to von Neumann's position measurement is given by Eq. ͑29͒ with ͑a , b , c , d͒ = ͑1,0,−1,1͒. We consider here a generalized unitary transformation characterized by ͑a , b , c , d͒ = ͑1,0,− ,1͒, where parameter is a real positive number. We shall refer to as a scaling parameter because it leads to a scale transformation of the probability distribution as discussed next. We find from Eq. ͑27͒ that the parameters characterizing the circuit representation are ͑p , ␣ , ␤ , ␥͒ = ͑0,0,0,͒, which gives the VNM circuit as illustrated in Fig. 5 .
We assume that the input state for VNM is ͑x͒͑y͒, where ͑x͒ and ͑y͒ are the respective wave functions of the system and the probe. The output state of the VNM circuit is then given by
Suppose that we perform position measurement on the probe for the state represented by Eq. ͑30͒. The probability of finding an outcome in a Յ y Յ a + da is then given by
Hence, we find that as the probe's initial probability distribution ͉͑y͉͒ 2 approaches ␦͑y͒, Eq. ͑31͒ reduces to
We note that probability distribution ͑32͒ can be obtained from distribution ͉͑a͉͒ 2 by reducing its magnitude by a factor of and expanding the scale of the argument by the same factor. The scaling parameter thus leads to a scale transformation of the probability distribution. In the special case of = 1, the probability distribution reduces to ͉͑a͉͒ 2 , which is to be expected from Born's probability axiom; this measurement is therefore a noiseless measurement of position x of the system.
Returning to the case of Eq. ͑31͒, the corresponding postmeasurement system state a Ј͑x͒ is given by
This wave function approaches ͓␦͑x − a / ͔͒ 1/2 as the probe's initial probability distribution ͉͑y͉͒ 2 approaches ␦͑y͒. This implies that the postmeasurement state approaches an eigenstate of the position operator as the position measurement of the probe becomes noiseless. In particular, when = 1 and ͉͑y͉͒ 2 = ␦͑y͒, VNM is characterized by measurement operator M a = ͉a͗͘a͉. Comparing this with Eq. ͑9͒, we find close similarity between VNM and the CNOT measurement.
The scaling parameter can be used to improve the precision of VNM ͓18͔. As an example, let us consider the situation in which the initial probability distribution of the system is known to be ␦ function ͉͑x͉͒ 2 = ␦͑x − ␣͒ but its location ␣ is unknown. It follows from Eqs. ͑31͒ and ͑33͒ that the probability distribution for the measurement outcome of the probe is given by Pr͕a Յ y Յ a + da͖ = ͉͑a − ␣͉͒ 2 da and that the corresponding postmeasurement state of the system is given by ͉ a Ј͑x͉͒ 2 = ␦͑x − ␣͒. Hence, we may regard this measurement as a quantum nondemolition measurement of the position because its probability distribution does not change before and after the measurement. By properly choosing the origin of the probe's coordinate, we can always set ͐y ͉ ͑y͉͒ 2 dy = 0. The signal-to-noise ratio ͑SNR͒ of the measurement is then given by 
where Pr͑a͒ = ͉͑a − ␣͉͒ 2 and d ϵ ͱ͐y 2 ͉ ͑y͉͒ 2 dy. Equation  ͑34͒ shows that, even if the signal-to-noise ratio of the probe is low, we can measure the position of the system to the desired precision by choosing sufficiently large scaling parameter .
C. Contractive state measurement
The notion of contractive state measurement ͑CSM͒ has been discussed by Yuen ͓6͔, and a concrete mathematical model of CSM has been proposed by Ozawa ͓7,8͔. Unitary transformation Û of CSM proposed by Ozawa is given by Eq.͑20͒ with ͑a , b , c , d͒ = ͑0,1,−1,1͒. We generalize the parameter space of the unitary transformation to ͑a , b , c , d͒ = ͑0, −1 ,− ,1͒, where is a scaling parameter. The parameters describing the equivalent circuit are then given from Eq. ͑27͒ as ͑p , ␣ , ␤ , ␥͒ = ͑0,0,− −1 , ͒, and the corresponding CSM circuit is illustrated in Fig. 6 ͓13͔ .
Suppose that the input state of the CSM circuit is given by ͑x͒͑y͒. The output state is calculated to be
The probability of finding an outcome in a Յ y Յ a + da for the probe is given by
We note that this probability in Eq. ͑36͒ is independent of probe wave function in contrast to VNM, in which the probability becomes independent of only if ͉͑y͉͒ 2 is a ␦ function ͓see Eq. ͑32͔͒. The CSM measurement is therefore a noiseless measurement for an arbitrary state of the probe.
The postmeasurement state of the system, a Ј͑x͒, for outcome y = a of the probe is found from Eq. ͑35͒ to be a Ј͑x͒ = ͱ ͑a − x͒.
͑37͒
For the special case of = 1, CSM is characterized by measurement operator M a = ͉ a ͗͘a͉, where ͉ a ͘ is defined by ͗x ͉ a ͘ = ͑a − x͒. Comparing this with Eq. ͑13͒, we find close similarity between CSM and the DCNOT measurement. With respect to VNM, if the position measurement is noiseless, then the postmeasurement state must be a ␦ function. With CSM, in contrast, even if the position measurement is noiseless, the postmeasurement state of the system can be an arbitrary wave function as in Eq. ͑37͒. However, the postmeasurement state depends on outcome a of the probe.
D. Swapping state measurement
We consider here a model for quantum measurement, which we shall refer to as swapping state measurement ͑SSM͒. Although the notion of SSM has been discussed in Ref. ͓9͔, a unitary transformation between the system and the probe that characterizes SSM has not been discussed. Unitary transformation Û of SSM is given by Eq. ͑20͒ with ͑a , b , c , d͒
, where is a scaling parameter and p takes on 0 or 1. It follows from Eq. ͑27͒ that the parameters describing the equivalent circuit are given by ͑␣ , ␤ , ␥͒ = ͑ ,− −1 , ͒, the corresponding SSM circuit being illustrated in Fig. 7 .
Let the input state of SSM be ͑x͒͑y͒. The output state is then given by
͑38͒
We note that the output is not an entangled state but a product state, unlike the cases of VNM and CSM. Comparing the output state with the input one, we find that the SSM circuit exchanges quantum states between the system and the probe, and rescales the coordinate of the system and that of the probe by a factor of and −1 , respectively. In addition, the odd-͑even-͒ parity transformation is applied to the probe for p =0 ͑p =1͒. In the special case of = 1 and p = 1, the output state is given by
which is the case in which the initial states of the system and probe are swapped. The probability of finding an outcome of the probe in a Յ y Յ a + da is given from Eq. ͑38͒ by
which is independent of probe wave function as in the case of CSM. The postmeasurement state of the system is given by Circuit representation of swapping state measurement.
For the special case of = 1 and p = 1, SSM is characterized by measurement operator M a = ͉͗͘a͉. Comparing this with Eq. ͑19͒, we find complete parallelism between the continuous-variable SSM and its two-level counterpart. We also note that the postmeasurement system state is independent of the measurement outcome, because the output state is a product state, unlike the cases of VNM and CSM ͓see Eqs. ͑33͒ and ͑37͔͒. Although we have considered here position measurement, we emphasize that the present noiseless measurement scheme can be applied to an arbitrary observable by using a similar SWAP circuit.
IV. INTERACTION HAMILTONIANS AND UNITARY GATES
A. Two-level systems
Composition of interaction Hamiltonians
We have shown that the DCNOT and SWAP circuits can be described, respectively, by using two and three CNOT gates. In this subsection, we construct Hamiltonians describing three circuits.
Let us first consider an interaction Hamiltonian of the CNOT circuit. It is known that the CNOT gate can be described by the following unitary transformation ͓14͔:
The corresponding interaction Hamiltonian should satisfy
and is given by
where t = ប / ͑4K͒. We next consider an interaction Hamiltonian of the DC-NOT circuit. It should satisfy
where t = ប / ͑3 ͱ 3K͒.
The interaction Hamiltonian of the SWAP circuit is known to be an isotropic Heisenberg exchange-interaction Hamiltonian between system spin Ŝ s and probe spin Ŝ p ͓19͔ and is written as
where Ŝ = ͕ x , y , z ͖ is a vector representation of Pauli matrices. In fact, we can show that the unitary operator defined by
has the same effect as that in Eq. ͑14͒ except for the overall phase factor.
Representations of unitary circuits in terms of single-qubit rotations and "Û
It is known that the CNOT circuit can be implemented by using single-qubit rotations and two ͑Û SWAP ͒ ␣ operators ͓19-21͔, where ͑Û SWAP ͒ ␣ is defined by
The CNOT circuit can be expressed as
where Û p H ϵ͑ p x + p z ͒ / ͱ 2 is the Hadamard unitary transformation on the probe. On the other hand, the DCNOT circuit can also be implemented by using single-qubit rotations and two ͑U SWAP ͒ ␣ operators. The DCNOT circuit can therefore be described by
where Û s H ϵ͑ s x + s z ͒ / ͱ 2. The CNOT and DCNOT circuits can therefore be implemented by single-qubit rotations and two ͑Û SWAP ͒ ␣ operators.
B. Continuous-variable systems

Composition of interaction Hamiltonians
We have shown that VNM, CSM, and SSM can be, respectively, described by using one, two, and three SUM ͑or von Neumann͒ gates. It is of interest to describe these measurement processes in terms of single interaction Hamiltonians. The interaction Hamiltonian of VNM is given from Eqs. ͑23͒ and ͑24͒ as
The interaction Hamiltonians of the CSM and the SSM can be obtained by the composition of unitary gates. It has been shown for real u , v , w ͓22͔ that
where D ϵ ͱ−͑u 2 + vw͒ and
A generalized CSM circuit can be characterized by ͑a , b , c , d͒ = ͑0, −1 ,− ,1͒. From Eq. ͑54͒, the parameters of the CSM circuit are given by
The interaction Hamiltonian of CSM is therefore given by
For = 1, this Hamiltonian reduces to that obtained by Ozawa ͓7͔.
If we ignore parity gate ⌸ y , the SSM circuit is characterized by ͑a , b , c , d͒ = ͑0, −1 ,− ,0͒. From Eq. ͑54͒, the parameters of the SSM circuit are given by
The interaction Hamiltonian of SSM is therefore given by
For the special case of = 1, Eq. ͑58͒ reduces to ͓23͔
This Hamiltonian is proportional to the z component of the angular momentum operator. Hence, the corresponding unitary evolution amounts to a rotation on the x-y plane, and therefore the time evolution governed by the Hamiltonian in Eq. ͑59͒ leads to swapping of coordinates x and y after an appropriate interaction time.
On the other hand, if we take parity gate ⌸ y into consideration, the SSM circuit is characterized by ͑a , b , c , d͒ = ͑0, −1 , ,0͒. The corresponding interaction Hamiltonian should satisfy
͑61͒
where t = / ͑2K͒. For the special case of = 1, Eq. ͑61͒ reduces to
͑62͒
We note here that Hamiltonian Ĥ p=1 SSM with = 1 is composed of the two-dimensional harmonic-oscillator Hamiltonians and the interaction Hamiltonian. So far, we have assumed that the dynamics between the system and the probe are only governed by the interaction Hamiltonian. This assumption implies that the interaction Hamiltonian dominates the free Hamiltonians. In the case of Hamiltonian Ĥ p=1 SSM , however, this assumption is no longer valid.
Representation of unitary circuits in terms of phase-shift, squeezing, and SWAP operators
We have already described continuous-variable measurement processes in terms of von Neumann gates. However, it appears difficult to experimentally implement the VNM and CSM circuits because the corresponding interaction Hamiltonians ͑52͒ and ͑56͒ are rather artificial. Here we express the VNM and CSM circuits in terms of the phase-shift operator, two-mode squeezing operator, and SWAP operator ͓3,12,18,24͔, all of which are known to be experimentally implemented.
We first show that parity inversion operator ⌸ y can be expressed as
͑63͒
To see that ⌸ y defined in Eq. ͑63͒ indeed changes the parity of the wave function, we introduce the annihilation operator b ϵ͑ŷ + ip y ͒ / ͱ 2 and rewrite Eq. ͑63͒ as
͑64͒
Expanding ͑y͒ in terms of the complete set of eigenfunctions of the harmonic oscillator n ͑y͒ and noting that n ͑y͒ is an even ͑odd͒ function of y for even ͑odd͒ n, we obtain
We note that Eq. ͑64͒ describes unitary evolutions implemented with phase shifters. We next define two-mode squeezing operator Ŝ ͑r͒ as
which transforms the input state ͑x͒͑y͒ into Ŝ ͑r͒͑x͒͑y͒ = ͑x cosh r + y sinh r͒͑x sinh r + y cosh r͒. ͑67͒
In terms of operators â ϵ͑x + ip x ͒ / ͱ 2 and b defined above, the squeezing operator can be rewritten as
which describes the unitary evolution implemented with a nondegenerate parametric amplifier. Let us define the SWAP operator T ͑͒ as
which transforms the input state ͑x͒͑y͒ into T ͑͒͑x͒͑y͒ = ͑x cos + y sin ͒͑− x sin + y cos ͒. ͑70͒
In terms of operators â and b , the SWAP operator can be expressed as
which describes the unitary evolution of a beam splitter. We now consider a unitary circuit as
where p takes on 0 or 1. It follows from Eqs. ͑67͒ and ͑70͒ that Û transforms the input state ͑x͒͑y͒ into
where parameters a, b, c, and d are given by a = cosh r cos͑ 1 + 2 ͒ − sinh r sin͑ 1 − 2 ͒,
͑74͒
Thus Û ͑r , 1 , 2 , p͒ defined by Eq. ͑73͒ is equivalent to Û ͑a , b , c , d͒ defined by Eq. ͑20͒, provided that Eqs.͑74͒ are met. We find from Eq. ͑74͒ that the VNM circuit with ͑a , b , c , d͒ = ͑1,0,− ,1͒ can be implemented with
These parameters r and 1 satisfy the backaction-evading condition sin 2 1 = tanh r ͓24͔.
On the other hand, the CSM circuit with ͑a , b , c , d͒ = ͑0, −1 ,− ,1͒ can also be implemented with r = lnͫ
where ⌳ ± ϵ ± −1 . Ozawa has shown that the CSM circuit for = 1 can be constructed by using three T͑͒ and two S͑r͒ operators ͓3͔. In contrast, our method described above can construct the CSM circuit by using two T͑͒ and one S͑r͒ operators.
The SSM circuit ͑a , b , c , d͒ = ͑0, −1 , ͑−1͒ p+1 ,0͒ can be implemented with 
͑79͒
where ϵ͑1+ ͱ 5͒ / 2 is the golden ratio.
The foregoing discussion suggests that, from an experimental point of view, it would be more convenient to use the SWAP operator than the von Neumann operator. An analogous situation in a spin-1/2 system has been presented in Ref.
͓19͔.
It is also possible to express an arbitrary unitary circuit in terms of the phase-shift operator, SWAP operator, and singlemode squeezing operators. We define single-mode squeezing operators Ŝ x ͑r͒ and Ŝ y ͑r͒ as
͑81͒
In terms of the annihilation operator â = ͑x + p x ͒ / ͱ 2, Ŝ x ͑r͒ can be expressed by Ŝ x ͑r͒ = exp͓ r 2 ͑â 2 − â †2 ͔͒. The squeezing operator therefore describes the unitary evolution of a degenerate parametric amplifier. If we consider a unitary circuit as
then we can show that Û transforms the input state ͑x͒͑y͒ into
where the parameters a, b, c, and d coincide with Eqs. ͑74͒ by taking
Therefore, the parameters rЈ , 1 Ј, 2 Ј for the VNM, CSM, and SSM circuits can be determined from Eqs. ͑75͒-͑77͒, respectively. These results imply that an arbitrary unitary circuit can be implemented using phase shifters, beam splitters, and degenerate parametric amplifiers. Incidentally, the SSM circuit can also be implemented by using a circuit described by
This circuit has the advantage that the system's squeezing operator Ŝ x ͑r͒ is not necessary.
V. DISCUSSIONS A. Three models
We have analyzed noiseless quantum measurements in a two-level system and a continuous-variable system, and have shown that there is complete parallelism between the twolevel and continuous-variable systems. As a consequence, we can categorize those measurements into three classes. The first class is described by a VNM model. This model is composed of a CNOT gate or a SUM gate, and the simplest among the three classes. However, it cannot break Heisenberg's noise-disturbance uncertainty relation because the probability distribution for the outcome of the measurement depends on the initial state of the probe. The second class is described by a CSM model. This model is composed of two CNOT gates or two SUM gates. This model can break Heisenberg's noise-disturbance uncertainty relation because the probability distribution for the outcome is independent of the initial state of the probe. The functional form of postmeasurement wave function, , is arbitrary; however, outcome a of the measurement does affect it as a shift of the coordinate as shown in Eq. ͑37͒.
The third class is described by an SSM model. This model is composed of three CNOT gates or three SUM gates. This model also can break Heisenberg's noise-disturbance uncertainty relation. We can choose the postmeasurement state to be arbitrary and to depend neither on the outcome of the measurement nor on the observable to be measured. The initialization of the state of the system is therefore straightforward. Moreover, the SSM circuit does not depend on the observable to be measured, because the SSM circuit exchanges quantum states between the system and the probe. Therefore, the SSM circuit can be used for noiseless measurement of an arbitrary observable.
B. Scaling parameter
In the analysis of continuous-variable systems, we have introduced scaling parameter . The degree of freedom afforded by this parameter can be used to improve the resolution of the probe.
As an example, let us consider the case in which the wave function of the system is sharply localized around two points A and B. We assume that the probability distribution vanishes at the midpoint between A and B. If the resolution of the apparatus is large compared with the distance between A and B, we cannot distinguish between outcomes A and B from the position measurement. However, if we introduce scaling parameter into the measurement, we can extend the distance between A and B by a factor of . Therefore, if we choose an appropriate scaling parameter, we can distinguish between outcomes A and B.
C. Gravitational-wave detection
The crucial concept in gravitational-wave detection is the standard quantum limit ͑SQL͒ for a free-mass position. If a measurement model does not break the SQL, the model cannot detect gravitational waves. It is known that CSM for position measurement is an example that breaks the SQL ͓6-8͔. We can easily understand, if the wave function of the probe is prepared in a contractive state, that SSM also can break the SQL ͓9͔.
With respect to CSM, if the measurement outcome of the system is x = a, it is necessary to measure in the next measurement the position shift from x = a, which is a random variable. Since the probe for gravitational-wave detection requires a very precise measurement of the position, we should use a probe having fine resolution in a certain range over which the value of the outcome is distributed. With respect to SSM, however, the postmeasurement system state is independent of the measurement outcome. Therefore, we only have to use the probe with fine resolution in the vicinity of the origin.
VI. CONCLUSION
In this paper, we have classified noiseless quantum measurements into three classes in both two-level and continuous-variable systems. We have analyzed the unitary transformation associated with each of these models by using quantum circuits. We have proposed a model for swapping state measurement ͑SSM͒ as a noiseless measurement for an arbitrary observable. SSM exchanges quantum states between the system and the probe before the projection postulate is applied to the probe. SSM therefore has the property that the measurement disturbance depends neither on the observable nor on the outcome of the measurement, and consequently the corresponding unitary circuit does not depend on the observable.
